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The geometrically ﬁnite complete hyperbolic Riemannian metrics in the interior of a
handlebody of genus g, having injectivity radius bounded away from zero, are exactly those
produced by Schottky groups of rank g; these are called Schottky structures. A Whittaker
group of rank g is by deﬁnition a Kleinian group K containing, as an index two subgroup,
a Schottky group Γ of rank g. In this case, K corresponds exactly to a conformal involution
on the handlebody with Schottky structure given by Γ . In this paper we provide a
structural description of Whittaker groups and, as a consequence of this, we obtain some
facts concerning conformal involutions on handlebodies. For instance, we give a formula
to count the type and the number of connected components of the set of ﬁxed points of
a conformal involution of a handlebody with a Schottky structure in terms of a group of
automorphisms containing the conformal involution.
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1. Introduction
A torsion free Kleinian group Γ , with region of discontinuity Ω ⊂ Ĉ, determines a 3-dimensional hyperbolic manifold
M0K = H3/Γ and a Riemann surface SΓ = Ω/Γ , the union of both being called a 3-dimensional Kleinian manifold with
border MΓ = (H3 ∪ Ω)/Γ , and SΓ its conformal boundary. We say that Γ induces a Kleinian structure on a topological
manifold M if MΓ is homeomorphic to M . A conformal automorphism of MΓ is, by deﬁnition, a self-homeomorphism of MΓ
whose restriction to M0Γ is an isometry; conversely, each isometry of M
0
Γ extends to a conformal automorphism of MΓ , so
that the ﬁnite groups of conformal automorphisms of MΓ are obtained as K/Γ , where K is a Kleinian group containing Γ
as a ﬁnite index normal subgroup. In general, the study of ﬁnite groups of a Kleinian manifold is a diﬃcult problem, and
there is an extensive literature about ﬁnite order groups of automorphisms of Riemann surfaces and of Kleinian manifolds.
The main point of view of this paper is that knowing an explicit geometric structural description of those Kleinian groups
K will help to the understanding of the ﬁnite groups of automorphisms of MΓ .
In this paper, we restrict ourselves to the case when Γ is a Schottky group of rank g , that is, a geometrically ﬁnite purely
loxodromic Kleinian group isomorphic to a free group of rank g , and K is a degree two extension of it; we say that K is
a Whittaker group. In this case, SΓ is a closed Riemann surface and MΓ is a handlebody of genus g; we say that Γ in-
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isomorphic to a free group of rank g . As M is compact and ∂M = ∅, those Kleinian groups are necessarily geometrically
ﬁnite (that is, they have a ﬁnite sided fundamental polyhedra in H3), they have no parabolic transformations (that is, the
injectivity radius of the corresponding hyperbolic 3-manifold M0 is bounded away from zero) and they have non-empty re-
gion of discontinuity. As consequence of the results in [16], those Kleinian groups are exactly the Schottky groups of rank g .
By Marden’s conjecture (or tame ends conjecture) proved recently by Agol [1] and Calegari and Gabai [3], any complete
hyperbolic Riemannian metric on the interior of a handlebody of genus g is provided by a Kleinian group isomorphic to a
free group of rank g; such a complete hyperbolic structure is geometrically ﬁnite and with injectivity radius bounded away
from zero if and only if the Kleinian group is a Schottky group.
The ﬁrst main result of this paper is to provide a structural description of the Whittaker groups (Theorem 1), in the
sense of the Klein–Maskit combination theorems [15]. As an easy consequence of this theorem, we obtain the number
of topologically different Whittaker groups of a ﬁxed rank (Corollary 2). Moreover, given a Kleinian group K̂ containing a
Whittaker group K as a ﬁnite index subgroup, we provide a formula to determine the algebraic structure of K in terms of K̂
(Theorem 3).
Then, we use the previous results to obtain some applications for handlebodies. Firstly, we realize that the classiﬁcation
of Whittaker groups up to topological equivalence is the same as the classiﬁcation of orientation-preserving involutions
on handlebodies up to homotopy and topological conjugation. In this way, we give a new proof of the characterization
of orientation-preserving involutions of handlebodies, up to homotopy, from its set of ﬁxed points. This result was already
obtained by Kania-Bartoszynska [10] for genus 2 and in general by Kalliongis and Miller [9] and by Pantaleoni and Piergallini
[20]. Kalliongis–Miller’s proof is based in the Equivariant Loop Theorem, proved by Meeks and Yau [19] using ideas of
minimal surfaces. Pantaleoni–Piergallini’s proof uses elementary 3-dimensional topology. Our arguments are different from
theirs since ours relay on planar Kleinian groups setting. This is the content of Section 5.1.
From Theorem 1 we can easily extract geometric information about the set of ﬁxed points of the conformal involution
induced by a Whittaker group. On the other hand, as a consequence of Theorem 3, we are able to bound the number of
connected components of the set of ﬁxed points of two and three conformal involutions of a handlebody with a Schottky
structure in terms of its group of conformal automorphisms (Corollaries 11 and 14). Similar results for orientation-reversing
automorphisms on handlebodies with a Schottky structure have been obtained in [4].
As a last remark, we note that Keen [11] constructed certain class of Schottky groups, called hyperelliptic Schottky
groups, with the property that they provide Schottky uniformizations of hyperelliptic Riemann surfaces for which the hy-
perelliptic involution can be realized (see Section 2.2). The structural description of the Whittaker groups allows to show
that every Schottky unifomization of a hyperelliptic Riemann surface for which the hyperelliptic involution can be realized
is a hyperelliptic Schottky group.
The paper is organized as follows. In Section 2 we recall some basic facts on Kleinian, Schottky and Whittaker groups and
we describe the main results, Theorems 1 and 3. We prove these results in Sections 3 and 4, and we give the applications
to handlebodies in Section 5.
2. Preliminaries and the main results
2.1. Kleinian groups
We denote by M the group of Möbius transformations, that is, the group of conformal automorphisms of the Riemann
sphere Ĉ. The group M can also be seen, by the Poincaré extension theorem, as the group of orientation-preserving hy-
perbolic isometries of the hyperbolic space H3. Möbius transformations are classiﬁed into parabolic, loxodromic (including
hyperbolic) and elliptic transformations. Elliptic transformations are the only such transformations acting with ﬁxed points
inside H3.
A Kleinian group is a discrete subgroup K of M and its region of discontinuity is the subset Ω(K ) of Ĉ of points on which
it acts discontinuously. Observe that it is open and maybe empty. If K < K̂ < M, where [K̂ : K ] < ∞, then one is a Kleinian
group if and only if both are Kleinian groups with the same region of discontinuity. Generalities on Kleinian groups can be
seen in Maskit’s book [15].
We will be mainly interested in some particular classes of Kleinian groups.
2.1.1. Schottky groups
The Schottky group of rank 0 is just the trivial group. A Schottky group of rank g  1 is a Kleinian group Γ generated by
loxodromic transformations A1, . . . , Ag , so that there are 2g disjoint simple loops, C1,C ′1, . . . ,Cg ,C ′g , with a 2g-connected
outside D ⊂ Ĉ, where Ai(Ci) = C ′i , and Ai(D) ∩ D = ∅, for i = 1, . . . , g . In this case, its region of discontinuity Ω is known
to be connected and dense in Ĉ, and S = Ω(Γ )/Γ is a closed Riemann surface of genus g; we say that S is uniformized
by Γ . It is well known that a Schottky group of rank g is a free group of rank g and purely loxodromic and that these
properties characterize the Schottky groups within the class of Kleinian groups of the second kind [16]. As a consequence
of the retrosection theorem [2,14], every closed Riemann surface can be uniformized by a Schottky group.
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A Whittaker group of rank g is a Kleinian group K containing a Schottky group Γ of rank g as subgroup of index two.
Notice that any other Schottky group Γ̂ that is a subgroup of K of index two has rank g . This is because, if Ω = Ω(K ),
then Ω/K is an orbifold of signature (γ ;2, N. . . ,2) having Ω/Γ̂ as a branched two covering. Then, by Hurwitz’s formula, the
rank of Γ̂ is equal to g = 2γ − 1 + N/2, which is determined by the signature of Ω/K . Now, the closed Riemann surface
S = Ω/Γ admits a conformal involution τ induced by K and S/〈τ 〉 = Ω/K .
2.2. Uniformizations
A uniformization of a closed Riemann surface S is a triple (, K , P :  → S), where K is a Kleinian group,  is a
connected component of its region of discontinuity which is invariant under the action of K and P is a regular covering
map over S with K as Deck group. The collection of uniformizations of S is partially ordered. The highest ones correspond
to the case when  is simply connected and the lowest ones correspond to the case when K is a Schottky group [18]. In
the recent forty years a great deal of attention in the theory of closed Riemann surfaces was given to their study by the
highest uniformizations; in genus at least 2 they correspond to take as  the hyperbolic plane H2 and as K a co-compact
torsion free Fuchsian group. On the other hand, Schottky uniformizations, known since the beginning of the last century,
have not been exploited in this context so far.
A conformal automorphism τ of S is said to be realized by the uniformization (, K , P :  → S) if there is a Möbius
transformation T normalizing K and such that P T = τ P . As a consequence of the known topological actions of conformal
involutions on closed Riemann surfaces, it can be seen that each conformal involution of a closed Riemann surface can be
realized by a Schottky uniformization [11,8].
2.3. Structural description
Our ﬁrst result concerns the geometric structural description of Whittaker groups, similar to the known geometrical
structure of Schottky groups.
Theorem 1. Every Whittaker group is constructed as a free product (in the sense of Klein–Maskit combination theorems [17]) from the
following groups:
(i) cyclic groups generated by elliptic transformations of order 2;
(ii) cyclic groups generated by loxodromic transformations; and
(iii) Abelian groups, isomorphic to Z⊕Z2 , generated by a loxodromic transformation and an elliptic transformation of order 2 (in this
case, both share the same ﬁxed points).
Moreover, if in the above construction of a Whittaker group K are used a groups of type (i), b groups of type (ii) and c groups of
type (iii), then its rank is g = a + 2(b + c) − 1 and the genus of the quotient orbifold uniformized by K is γ = b + c. Moreover, the
number of ﬁxed points of the induced conformal involution on the closed Riemann surface uniformized by any of its index two Schottky
subgroups is equal to 2a.
A Whittaker group, constructed as in Theorem 1 using a cyclic groups generated by elliptic transformations of order
two, b cyclic groups generated by loxodromic transformations and c Abelian groups isomorphic to Z ⊕ Z2, will be named a
Whittaker group of signature (a,b, c).
Two Kleinian groups K1 and K2 are called topologically equivalent (or topologically conjugate) if there is an orientation-
preserving homeomorphism f : Ĉ → Ĉ for which f K1 f −1 = K2. As a consequence of Theorem 1 it is clear that two
Whittaker groups are topologically equivalent if and only if they have the same signature. This fact has the following
consequence.
Corollary 2. The number of topologically non-equivalent Whittaker groups of a ﬁxed rank g is
1
2
([
g + 1
2
]
+ 1
)([
g + 1
2
]
+ 2
)
.
Proof. We need to count the different signatures producing the same value of g . By Theorem 1, the relation between the
rank g and the signature (a,b, c) of a Whittaker group is g = a+ 2(b + c)− 1. Now, observe that, for a ﬁxed value of g , we
have 0 b  [ g+12 ], 0 c  [ g+12 ] − b and a is determined from g,b and c. Thus, we have the result. 
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Let us now assume we are given a Kleinian group K which contains a Schottky group Γ , say of rank g , as a normal
subgroup of ﬁnite index (actually, if g  1, the ﬁniteness condition is automatic, and the index is at most 12(g −1) if g  2,
by the results in [22]). Let us denote by θ : K → G = K/Γ the canonical projection.
If σ ∈ G has order two, then θ−1(〈σ 〉) is a Kleinian group containing Γ as a subgroup of index two, then a Whittaker
group. Let (a,b, c) be its signature. Theorem 3 below provides formulas to compute a, b and c in terms of K and G . First,
we need to provide some notations and deﬁnitions.
Let {Ei: i ∈ I} be a maximal collection of involutions in K which are non-conjugate in K . As K contains as ﬁnite index a
Schottky group, K is a geometrically ﬁnite Kleinian group, in particular, the set I is ﬁnite. As we do not need this for what
follows, we do not provide details on this fact. We call this set a complete set of canonical involutions of K . In each class xΓ ,
x ∈ K , there is a ﬁnite number of the above canonical involutions.
As a consequence of the results in [5], either both ﬁxed points of an involution of K belong to Ω(K ) or none of them
belong to it. We call the latter ones imaginary involutions.
Let σ be an element of G of order two. We denote by I(σ ) ⊂ I the set of j ∈ I such that θ(E j) is conjugate to σ in G ,
and we denote by J (σ ) ⊂ I(σ ) the set of j ∈ I(σ ) so that E j is not imaginary. Notice that I(σ ) may be empty. Finally let
C(U ,u) denote the centralizer in a group U of an element u ∈ U .
Theorem 3. Let K be a Kleinian group containing a Schottky group Γ of rank g as a ﬁnite index normal subgroup, let {Ei: i ∈ I} be a
complete set of canonical involutions of K and let G = K/Γ and θ : K → G be as above. Let σ ∈ G be an element of order two. Then
the Whittaker group Γσ = θ−1(〈σ 〉) has signature (a,b, c), where
a =
∑
j∈ J (σ )
[
C
(
G, θ(E j)
) : θ(C(K , E j))],
c =
∑
j∈I(σ )\ J (σ )
[
C
(
G, θ(E j)
) : θ(C(K , E j))],
and b = (g + 1− a − 2c)/2. Moreover, if I(σ ) = ∅, then a = c = 0.
3. Proof of Theorem 1
A Kleinian group constructed from the Klein–Maskit’s combination theorems from the basic groups appearing in Theo-
rem 1 will be called an admissible group. The proof will be given in two parts. In the ﬁrst one we prove that every Whittaker
group is an admissible group and in the second part we prove that every admissible group is a Whittaker group.
We ﬁrst recall some basic preliminary facts we will need. Let h be an elliptic or loxodromic element of PSL2(C) with
ﬁxed points e1, e2 and let γ be a simple loop in Ĉ. Then γ separates e1, e2 if and only if h(γ ) separates e1, e2. If h is
elliptic and γ is invariant by h, then either γ separates e1, e2 or h2 = 1 and γ contains both points. On the other hand, if
h is loxodromic, and γ is invariant by h, then γ contains the two ﬁxed points of h.
Theorem 4. ([6]) Let Γ be a Schottky group of rank g, with region of discontinuity Ω , S = Ω/Γ , P : Ω → S be the holomorphic
regular planar covering with Γ as covering group and j : S → S be any conformal involution. Then j lifts (under P ) to Ω if and only if
there is a collection F of pairwise disjoint simple loops on S so that:
(i) F is invariant under the action of j,
(ii) each loop in F lifts to loops on Ω , and
(iii) S − F is a collection of planar domains.
3.1. Proof of Theorem 1: First part
We ﬁrst prove that every Whittaker group is admissible.
Let K be a Whittaker group of genus g  2 and let Γ be a Schottky subgroup of index 2. Both of them have the same
region of discontinuity, say Ω . As Γ has no parabolic transformations neither elliptic transformations, the group K has
neither parabolic transformations nor elliptic transformations of order different from 2. It follows that O = Ω/K is a closed
orbifold. There are regular branched coverings P : Ω → S = Ω/Γ , Q : Ω → O and a conformal involution j : S → S which
is induced by any of the elements of K −Γ . Let H = 〈 j〉. There is a regular branched covering π : S → O with H as covering
group so that Q = π P .
By Theorem 4, there is a collection F of pairwise disjoint simple loops on S so that it is invariant under the action of
j, S − F consists on planar bordered surfaces and each loop in F lifts to loops under P . We may choose F to be minimal,
that is, if we eliminate from it a non-empty collection of loops, then we lose either the invariance property or the planar
condition. Let us denote by F̂ the collection of pairwise disjoint simple loops in Ω obtained by lifting the loops in F
R. Díaz et al. / Topology and its Applications 157 (2010) 2347–2361 2351under P . Each of these lifted loops is called a structure loop for K . Each of the regions in Ω − F̂ is called a structure region
for K .
Since P restricted to a structure region R is a homeomorphism onto its image P (R), there is a natural isomorphism
between the stabilizer in H of P (R) and the stabilizer in K of R . In particular, the stabilizer of R in K is either trivial or a
cyclic group of order two. By the same reason, the stabilizer in K of any structure loop is either trivial or a cyclic group of
order two.
First case. Assume there is a structure region R with trivial stabilizer. Then, Q restricted to R is a homeomorphism onto
its image Q (R). Let γi be a structure loop on the boundary of R .
If the stabilizer of γi in K is generated by an elliptic transformation of order two, say Ei , then Ei permutes both structure
regions bounded by γi .
If the stabilizer of γi in K is trivial, then we claim that there is another structure boundary loop γ ′i of R , different
from γi , and some loxodromic transformation ki ∈ K so that ki(γi) = γ ′i . Indeed, suppose this is not the case, and let R ′
denote the other structure region bounded by γi . This implies that P (R) = P (R ′) and j(P (γi)) is not in the boundary of P (R)
or P (R ′). Then one can delete P (γi) and j(P (γi)) from F without destroying the invariance and the planar condition, and
we get a contradiction to the minimality of F .
As a consequence, all the other structure regions are K -equivalent to R and K is generated by the elliptic elements Ei
and the loxodromic elements ki obtained above. So K is an admissible group with c = 0.
Second case. Assume now that every structure region has non-trivial stabilizer in K , necessarily a cyclic group of order two.
Lemma 5. Let R be a structure region and let E ∈ K an elliptic transformation of order two that keeps R invariant. Then, either both
ﬁxed points of E are in R or both of them are not in R. In the latter case, there exist γ ,γ ′ structure loops in the boundary of R and a
loxodromic transformation t such that t(γ ) = γ ′ and tE = Et.
Proof. Let e1, e2 be the ﬁxed points of E , and suppose that e1 ∈ R and e2 /∈ R . We can assume that ∞ ∈ R , so that any
structure loop γi in the boundary of R bounds a (topological) disc Di . By the assumptions, e2 is in one of these discs, say
D0. Then γ0 is the only boundary component of R that separates e1, e2 and, since E(R) = R , γ0 must be invariant by E .
Let us denote by R ′ the other structure region bounded by γ0. Since E keeps R and γ0 invariant, it keeps also R ′
invariant. Suppose that P (R) = P (R ′); then there is a loxodromic element t ∈ Γ such that t(R) = R ′ . Then tEt−1 leaves R ′
invariant, and hence tEt−1 = E , since the stabilizer of R ′ is cyclic of order two. It follows that t and E have the same ﬁxed
points, but this is a contradiction because both ﬁxed points of t are in the limit set of Γ , and hence outside R .
If follows that P (R) = P (R ′). But in this case, F − P (γ ) is a collection of loops in S invariant under j and decomposing
S into planar regions, contradicting the minimality of F . As a consequence, either both ﬁxed points of E belong to R or
none of them belongs to it.
Now, suppose both e1, e2 are not in R; with the above notations, suppose e1 ∈ Di1 , e2 ∈ Di2 . Because R is invariant by
E , the discs Di1 and Di2 must be different, and therefore the two boundary components γi1 , γi2 of R are each one invariant
by E . Let R ′ be the other component bounded by γi1 . If P (R) = P (R ′), then, as before, we obtain a contradiction with the
minimality of F . Then, there is a loxodromic element t ∈ Γ and γ ′ boundary component of R such that t(γ ′) = γi1 . Since
R ′ is invariant by E , then it is also invariant by t−1Et , and hence t−1Et = E and E, t have the same ﬁxed points. Then, the
ﬁxed points of t are in Di1 , Di2 , and then γ
′ must be equal to γi2 . 
Let us start with a structure region R1 whose stabilizer is generated by an elliptic transformation E1. Let γ be a structure
loop in the boundary of R and R ′ the other structure region bordered by γ . We have the following possibilities:
(a) The stabilizer of γ is cyclic generated by E1; by Lemma 5, then there is exactly one other boundary component γ ′ of
R invariant by E1, and there exists t1 ∈ G with tE = Et and t(γ ) = γ ′ . Notice that R ′ = t(R).
(b) The stabilizer of γ is cyclic generated by F1 with F1 = E1. In this case, F1 has its two ﬁxed points in γ (otherwise, F1,
E1 both stabilize R , contradicting the fact that the stabilizer of R is cyclic) and R ′ = F1(R).
(c) The stabilizer of γ is trivial and R ′ = k(R) for some loxodromic element k ∈ K , so that there exists γ ′ in the boundary
of R ′ with k(γ ) = γ ′ .
(d) The stabilizer of γ is trivial and R ′ is not the image of R under any element of K .
Starting with the initial region R1, consider all its boundary components {γi} satisfying property (d) above. We add to R1
the structure regions R ′i adjacent to the previous γi , so that we obtain a new region R12. Among the boundary components
of R12, we consider again those satisfying property (d) and add the adjacent components to get a new region R123. Contin-
uing in this way, the process must ﬁnish since there is only a ﬁnite number of structure regions inequivalent under K . Let
R¯ be the planar region obtained at the ﬁnal step. The boundary components of R¯ satisfy one of the properties (a)–(c) above
and so they are identiﬁed in pairs by elements of K . Now the Whittaker group K is generated by:
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(ii) loxodromic elements t commuting with elliptic elements E pairing boundary components γ ,γ ′ satisfying property (a);
(iii) elliptic elements F self-pairing boundary components γ satisfying property (b);
(iv) loxodromic elements k pairing boundary components γ ,γ ′ satisfying (c).
Hence, we have obtained that K is an admissible group.
3.2. Proof of Theorem 1: Second part
Now we proceed to prove that every admissible group is in fact a Whittaker group. Let K be an admissible group
constructed using “a” cyclic group of order 2, “b” cyclic loxodromic groups and “c” groups isomorphic to Z ⊕ Z2. If Ω
denotes the region of discontinuity of K , then Ω/K is an orbifold of genus γ = b + c with 2a conical points of order 2.
In order to prove that K is a Whittaker group we need to ﬁnd a subgroup of index 2 which is a Schottky group. In the
case a = c = 0 we are in presence of a Schottky group and we may ﬁnd an index two subgroup, which is also a Schot-
tky group. Now on, we assume a + c > 0. Let E1, . . . , Ea be the generators of the order two cyclic groups, let A1, . . . , Ab
be the generators of the loxodromic cyclic groups and let F1, . . . , Fc (each one of order 2), B1, . . . , Bc (each one loxo-
dromic) so that F j B j = B j F j so that F j and B j both provide the generators of each of the groups isomorphic to Z ⊕ Z2.
In order to ﬁnd a Schottky group of rank g as subgroup of index 2 in K , we need to ﬁnd a surjective homomorphism
Φ : K → 〈x: x2 = 1〉 ∼= Z2 whose kernel Γ is torsion free. The group Γ will be the desired Schottky group. It is enough to
consider
Φ(E j) = Φ(Fs) = x, for j = 1, . . . ,a and s = 1, . . . , c,
Φ(Ar) = Φ(Bs) = 1, for r = 1, . . . ,b and s = 1, . . . , c.
4. Proof of Theorem 3
Let K , Γ , G , θ and {Ei: i ∈ I} be as in the statement of Theorem 3, and let σ ∈ G be an element of order two. As already
noted, Γσ = θ−1(〈σ 〉) is a Whittaker group of signature (a,b, c).
With the hypothesis of Theorem 3, we observe that the number a + c is the maximum number of involutions of K that
belong to Γσ and that are not conjugate in Γσ (this is clear from the algebraic description of Whittaker group given in
Theorem 1). Now, as each involution in Γσ is conjugate in K to some of the canonical involutions Ei , the number a + c is
equal to the maximum number involutions of the form zEi z−1, with z ∈ K , that belong to Γσ and that are non-conjugate
in Γσ .
Consider ﬁrst the case that there are no conformal involutions in Γσ . In this case, it is clear that Γσ is a Whittaker
group with signature (a = 0, b, c = 0). This case corresponds to I(σ ) = ∅, since if j ∈ I(σ ), then some conjugate of E j
belongs to Γσ .
Then, from now on we assume that there is i ∈ I and z ∈ K such that zEi z−1 ∈ Γσ . Notice that, since Ei /∈ Γ , it is
θ(zEi z−1) = σ .
We ﬁrst look for those j ∈ I such that some conjugate of E j belongs to Γσ .
Claim 6. If j ∈ I , then there exists w ∈ K such that wE jw−1 ∈ Γσ if and only if θ(E j) is conjugate to σ .
Proof. In fact, we have the following equivalences:
there exists w ∈ K such that wE jw−1 ∈ Γσ ⇔
(
wE jw
−1)(zEi z−1)−1 ∈ Γ
⇔ θ(wE jw−1)= θ(zEi z−1)= σ
⇔ θ(E j) is conjugate to σ . 
Claim 6 asserts that the canonical involutions that have some conjugate in Γσ are exactly those E j such that j ∈ I(σ ).
Now we take j ∈ I(σ ) and we look for all the conjugates of E j that belong to Γσ . By Claim 6 there is at least one of
them, say wE jw−1 ∈ Γσ , with w ∈ K .
Claim 7. If v ∈ K , u = w−1v and C j = θ−1(C(G, θ(E j))), then vE j v−1 ∈ Γσ if and only if u ∈ C j .
Proof. We have the following equivalences:
vE j v
−1 ∈ Γσ ⇔
(
vE j v
−1)(wE jw−1)−1 ∈ Γ
⇔ θ(vE j v−1)= θ(wE jw−1)
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⇔ w−1v ∈ C j
⇔ u ∈ C j . 
If E j ∈ Γσ , then Claim 7 is just saying that vE j v−1 ∈ Γσ if and only if θ(v) commutes with θ(E j).
Consider u1,u2 ∈ C j and set v1 = wu1, v2 = wu2. By Claim 7, v1E j v−11 , v2E j v−12 ∈ Γσ . The next claim provides condi-
tions for both of them to be conjugate in Γσ .
Claim 8. v1E j v
−1
1 and v2E j v
−1
2 are conjugate in Γσ if and only if u
−1
2 u1 ∈ C(K , E j)Γ .
Proof. We have the following equivalences:
v1E j v
−1
1 , v2E j v
−1
2 are conjugate in Γσ ⇔ there is α ∈ Γσ such that v1E j v−11 = αv2E j v−12 α−1
⇔ v−12 α−1v1E j = E j v−12 α−1v1
⇔ v−12 α−1v1 ∈ C(K , E j).
Now observe that we can write
v−12 α
−1v1 =
(
v−12 v1
)(
v−11 α
−1v1
)
. (1)
Since v1 = wu1, we have v−11 αv1 = u−11 w−1αwu1. Since α ∈ Γσ , this means that either α ∈ Γ or there exists γ ∈ Γ such
that α = wE jw−1γ . In the ﬁrst case, it is clear that v−11 αv1 ∈ Γ . In the second case, v−11 αv1 = u−11 w−1wE jw−1γ wu1 =
u−11 E ju1γ ′ for some γ ′ ∈ Γ (since Γ is normal). Finally, the fact that u1 ∈ C j means that θ(u−11 E ju1) = θ(E j), which is
equivalent to u−11 E ju1 = E jγ1 for some γ1 ∈ Γ . Thus, in this case v−11 αv1 ∈ E jΓ . Both cases together mean that v−11 αv1 ∈
〈Γ, E j〉 = θ−1(〈θ(E j)〉). Thus, by (1), we have that v−12 v1 ∈ C(K , E j)〈Γ, E j〉 = C(K , E j)Γ . Noting that u−12 u1 = v−12 v1, we
ﬁnally obtain that v1E j v
−1
1 , v2E j v
−1
2 ∈ Γσ are conjugate in Γσ if and only if u−12 u1 ∈ C(K , E j)Γ . 
As a consequence of Claims 7 and 8, the amount of components of ﬁxed points of the conjugates of E j that belong to
Γσ and are not conjugate in Γσ is
n j =
[
C j : C(K , E j)Γ
]
= [θ−1(C(G, θ(E j))) : θ−1(θ(C(K , E j)))]
= [C(G, θ(E j)) : θ(C(K , E j))].
By claim 6, we have that a + c is equal to the sum of the numbers n j for j ∈ I(σ ).
Finally, to obtain the numbers a, c we just recall the deﬁnition of J (σ ) and observe that any conjugate of an imaginary
involution is still an imaginary involution.
5. Application to handlebodies
In this section, we use the previous results in order to provide some facts related to involutions on handlebodies. Corol-
lary 9 and Theorem 10 below together give a characterization of orientation-preserving involutions of handlebodies, up to
homotopy, from its set of ﬁxed points.
Finally, using Theorem 3, we are able to provide information in Corollaries 11 and 14 about the loci of ﬁxed points of 2
and 3 pairwise different involutions on a handlebody.
5.1. Involutions on handlebodies
Let M be a handlebody of genus g  2 with a Schottky structure. Zimmermann [22] noted that |Aut(M)|  12(g − 1),
where Aut(M) denotes the group of conformal automorphisms of M .
If τ ∈ Aut(M) is a conformal involution, then by lifting it to the universal covering, under π , we obtain a Kleinian group
K which contains Γ as a subgroup of index two, so K is a Whittaker group. By Theorem 1, the Whittaker group K is
constructed using a elliptic transformations of order two, b = (g + 1− a − 2c)/2 loxodromic transformations and c Abelian
groups isomorphic to Z2 ⊕ Z. The next result asserts that a is exactly the number of connected components of ﬁxed points
of τ which are simple arcs and c is exactly the number of connected components of ﬁxed points of τ which are simple
loops.
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then K/Γ represents a conformal involution of M which has a simple geodesic arcs and c simple geodesic loops as the connected
components of the set of its ﬁxed points. Moreover, any pair of these arcs or loops can be separated by a properly embedded topological
disc.
Proof. Let K be a Whittaker group and Γ an index two subgroup, which is a Schottky group. Assume K is constructed
using
(i) a elliptic transformations of order two, say A1, . . . , Aa ,
(ii) b loxodromic transformations, say B1, . . . , Bb , and
(iii) c groups, say G1, . . . ,Gc , where G j = 〈D j, E j〉 ∼= Z2 ⊕ Z, where D j is loxodromic and E j is elliptic of order two.
Every involution in K −Γ is conjugate in K to either A1, . . . , Aa , E1, . . . , Ec and these involutions are not conjugate among
themselves, so they form a complete set of canonical involutions.
The main point is to see that two involutions in K −Γ are conjugate in K if and only if they are conjugate in Γ . Indeed,
suppose E, E ′ are conjugate involutions in K . Denoting by p : Ω → Ω/Γ , q : Ω → Ω/K the canonical projections and by
τ : Ω/Γ → Ω/Γ the involution induced by any element in K − Γ , this means that the projection by p of the ﬁxed points
of E and E ′ either coincide or they are permuted by τ . Since E ∈ K − Γ , it induces τ , i.e., τ p = pE . Thus, in the case
τ p(Fix E) = p(Fix E ′), we also get that p(Fix E) = p(Fix E ′). Hence E and E ′ are conjugate in Γ .
Now, each canonical involution of K has a geodesic line of ﬁxed points in H3 which projects to a component of the loci
of ﬁxed points of τ . On the other hand, if Σ ⊂ M0 = H3/Γ is a connected component of ﬁxed points of τ , then there is
exactly one of the canonical involutions whose locus of ﬁxed points in H3 projects onto Σ . This shows that τ has a simple
geodesics arcs and c simple geodesic loops as the components of the set of ﬁxed points. The last statement is clear by the
description of the Whittaker group as a free product in the sense of Klein–Maskit combination theorems. 
Any two Schottky groups of the same rank are topologically equivalent. But, if both of them are subgroups of the same
Kleinian group K , it may happen that the conjugation cannot be chosen to self-conjugate K . In Proposition 10(1) we will
see that in fact the conjugation can be chosen to self-conjugate K when K is a Whittaker group and both Schottky groups
are subgroups of index two in K . This leads us to show that topologically classes of Whittaker groups are in bijection
with topologically non-equivalent involutions of handlebodies, up to homotopy (Proposition 10(3)). From this and from
Corollary 2 we obtain that the number of different topological actions of orientation-preserving homeomorphisms of order
two, up to homotopy, of handlebodies of genus g is equal to 12 ([(g + 1)/2] + 1)([(g + 1)/2] + 2) (see also [9]).
To make this precise, ﬁrst recall that two orientation-preserving homeomorphisms of manifolds hi : Mi → Mi , i = 1,2
are said to be topologically equivalent if there is a homeomorphism f : M1 → M2 such that h2 = f −1h1 f . Let us denote by
H the set of orientation-preserving involutions of a handlebody up to homotopy and to topological equivalence, and denote
by W the set of Whittaker groups up to topological equivalence.
Theorem 10.
(1) Let K be a Whittaker group. If Γ1 and Γ2 are Schottky groups, both subgroups of index two in K , then Γ1 and Γ2 are topologically
conjugated by an orientation-preserving homeomorphism that self-conjugates K .
(2) The number of topologically non-equivalent Whittaker groups of a ﬁxed rank g is equal to the number of topologically different
conformal involutions of handlebodies of genus g with Schottky structures.
(3) There is a bijection between W and H.
Proof. Let us prove part (1). Assume K is a Whittaker group of rank g > 0 (there are no Whittaker groups of rank 0).
By Theorem 1 we know that K is of some signature (a,b, c). Let E1, . . . , Ea be the generators of the a cyclic groups of
order two, let A1, . . . , Ab be the generators of the b loxodromic cyclic groups and let B1, F1, . . . , Bc, Fc (where B j is
loxodromic, F j is elliptic of order two and B j F j = F j B j) so that B j and F j generate the groups isomorphic to Z2 ⊕ Z.
A Schottky subgroup of index two of K is given as the kernel of a surjective homomorphism from K onto Z2. Reciprocally,
if Φ : K → Z2 = 〈x: x2 = 1〉 is a surjective homomorphism with torsion free kernel, then the kernel of Φ is a Schottky
subgroup of index two in K . So, now on, we assume we have a surjective homomorphism Φ : K → Z2 = 〈x: x2 = 1〉 with
torsion free kernel. We proceed to see that we are able to change the geometric generators by new ones in order for the
kernel to be described in a unique way. The rest is just canonical geometric arguments. Since the kernel of Φ is torsion
free, it must be Φ(Ei) = Φ(F j) = x for all i = 1, . . . ,a and all j = 1, . . . , c.
Case a = c = 0. Up to reordering the indices, we may assume Φ(A j) = x, for j = 1, . . . , r, and Φ(Ak) = 1, for k = r + 1,
. . . ,b. By the surjectivity of Φ , r  1. We may change the loxodromic generator A j (where j = 2, . . . , r) by the loxodromic
generator A′j = A j A1. In this way, we have found a new set of loxodromic generators A′1 = A1, A′2, . . . , A′b of K for which
Φ(A′1) = x and Φ(A′k) = 1, for k = 2, . . . ,b. The desired result follows in this case.
Case a = 0. Up to reordering the indices, we may assume Φ(A j) = x, for j = 1, . . . , r, and Φ(Ak) = 1, for k = r + 1, . . . ,b
and Φ(B j) = x, for j = 1, . . . , s, and Φ(Bk) = 1, for k = s + 1, . . . , c.
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loxodromic generators Bk (where k = 1, . . . , s) by the loxodromic generators B ′k = FkBk . In this way, we have found a
new set of loxodromic generators of K for which Φ(A′j) = 1, for j = 1, . . . ,b, Φ(Ek) = x, for k = 1, . . . , c, Φ(B ′r) = 1, for
r = 1, . . . , c, Φ(Fr) = x, for r = 1, . . . , c. Now the result follows in this case.
Case a = 0, c = 0. Up to reordering the indices, we may assume Φ(A j) = x, for j = 1, . . . , r, and Φ(Ak) = 1, for k =
r + 1, . . . ,b and Φ(B j) = x, for j = 1, . . . , s, and Φ(Bk) = 1, for k = s + 1, . . . , c.
We may change the loxodromic generators A j (where j = 1, . . . , r) by the loxodromic generators A′j = F1A j , and the
loxodromic generators Bk (where k = 1, . . . , s) by the loxodromic generators B ′k = FkBk . In this way, we have found a
new set of loxodromic generators of K for which Φ(A′j) = 1, for j = 1, . . . ,a, Φ(Ek) = x, for k = 1, . . . ,a, Φ(B ′r) = 1, for
r = 1, . . . , c, Φ(Fr) = x, for r = 1, . . . , c.
All the above allows the conclusion of the proof of part (1).
Part (2) is just a consequence of part (1).
Let us prove part (3). To the class of a Whittaker group K we assign the class of the involution τ : Ω/Γ → Ω/Γ where
Γ is any Schottky subgroup of K if index 2. By part (1), this map is well deﬁned and it is easily seen to be injective. To prove
surjectivity, we need to show that any orientation-preserving involution of a handlebody is, up to homotopy, topologically
equivalent to a conformal involution of a handlebody with a Schottky structure. Let M be a handlebody of genus g and let
τ : M → M be an orientation-preserving involution. Let τ0 be the restriction of τ as an orientation-preserving involution of
the closed orientable surface ∂M . By Nielsen’s realization theorem [13], there is a Riemann surface structure S on ∂M and
a conformal involution η : S → S , homotopic to τ0. Let us consider any Schottky uniformization of S that realizes η [11,8],
say induced by the Schottky group G , whose region of discontinuity is Ω . Such a Schottky group G provides a Schottky
structure on M whose conformal boundary is S and for which η extends to M as a conformal involution. As η is homotopic
to τ0 on ∂M and M is a compression body, the result follows. 
5.2. Set of ﬁxed points of two conformal involutions
It is known that given a closed Riemann surface S , say of genus g , and two conformal involutions on it, say τ1 and
τ2, there is a Schottky uniformization of S for which both involutions lift; equivalently, there is a handlebody M with
a Schottky structure and S as its conformal boundary so that both involutions extend continuously as isometries in the
interior [7,21]. Each conformal involution has some number of components of ﬁxed points, at most g + 1, and both cannot
share a component of ﬁxed points. The next result states the maximal number of components of ﬁxed points these two
involutions produce in M .
Corollary 11. Let M be a handlebody of genus g with a Schottky structure and let τ1, τ2 be two different conformal involutions. Let m j
be the number of connected components of ﬁxed points of τ j , for j = 1,2. If q is the order of the conformal automorphism τ2τ1 , then
m1 +m2  2
[
g − 1
q
]
+ 4.
Moreover, for every q 2, there are inﬁnitely many values of g for which the above upper bound is attained.
Proof. Let Γ be a Schottky group of rank g so that M = (H3 ∪ Ω)/Γ , where Ω denotes the region of discontinuity of Γ .
By lifting both τ1 and τ2 to the universal cover space H3 we obtain a Kleinian group K̂ containing Γ as a normal subgroup
so that G = K̂/Γ = 〈τ1, τ2〉 ∼= Dq , where Dq denotes the dihedral group of order 2q. As before, we denote by θ : K̂ → G the
canonical surjection and by E1, . . . , Er ∈ K̂ a collection of canonical involutions. We may assume that τ1 is G-conjugate to
θ(E j), for j = 1, . . . ,k and that τ2 is G-conjugate to θ(E j), for j = k + 1, . . . , r. Clearly 〈E j〉 < C(K̂ , E j) and so〈
θ(E j)
〉
< θ
(
C(K̂ , E j)
)
< C
(
G, θ(E j)
)∼= {Z22, q even,
Z2, q odd.
The above asserts that[
C
(
G, θ(E j)
) : θ(C(K̂ , E j))]
{
2, q even,
1, q odd.
Now it follows from Theorem 3 that m1 +m2  2r, where r is the number of canonical involutions of K̂ .
Let us start noting that each elliptic transformation either has both ﬁxed points on Ω or it commutes with a loxodromic
transformation [5]. The last ones are the imaginary involutions. We write r = u + v , where u is the number of canonical
imaginary involutions.
Claim 12.
r 
[
g − 1
q
]
+ 2.
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conformally and let O = Ω/K̂ = S/Dq , which is a closed orientable orbifold of some genus γ , with some number n of
conical points of order two and some number m of conical points of order greater or equal to three. Let Q : Ω → S ,
P : Ω → O, R : S → O be regular covers so that P = R ◦ Q , Deck(P ) = K̂ , Deck(Q ) = Γ , Deck(R) = Dq .
Upper bound for u. Let E ∈ K̂ be any of the canonical imaginary involutions. Let L ∈ K̂ be a loxodromic transformation
commuting with E , which we may assume to be primitive. The quotient H3/〈E, L〉 is an orbifold whose underline topological
3-manifold is a handlebody of genus one and whose conical locus is a homotopically non-trivial simple loop (a geodesic)
with conical order 2. One may follow a similar way as the proof of Theorem 1 to see that the number u is at most γ .
Upper bound for v. As each canonical involution E ∈ K̂ , which is not an imaginary one, produces exactly two conical points
of order 2 on O or it produces exactly one, but then there is another involution commuting with it which also produces
another conical point of order two (this only may happen for q even), one obtain that v  n/2.
Upper bound for r. As consequence of the above, r  γ + n/2. Now, by Riemann–Hurwitz formula, applied to the regular
branched covering R : S → O, we obtain
g  2q(γ − 1) + 1+ qn
2
,
so
r  γ + n
2

[
g − 1
q
]
+ 2. 
As consequence of Claim 12 and that m1 +m2  2r, we obtain the desired result. In Section 5.3 we provide examples to
show that, for every q 2, there are inﬁnitely many values of g for which the upper bound is attained. 
Remark 13 (Hyperelliptic handlebodies). Let M be a handlebody with a Schottky structure of genus g  2 and assume τ is a
conformal involution. By Theorem 1 one has that g = a + 2b + 2c − 1, where a is the number of connected components of
ﬁxed points homeomorphic to simple arcs and c is the number of connected components of ﬁxed points homeomorphic to
simple loops. It is not diﬃcult to see that the only possibility for τ to have the maximal number of connected components
of ﬁxed points, that is, a + c = g + 1, is when c = b = 0 and a = g + 1. In this case, the conformal boundary of M is a
hyperelliptic Riemann surface with τ as its hyperelliptic involution; we also say that τ is a hyperelliptic involution of M .
Note that Corollary 11 tells us, in particular, the well-known fact that, for genus at least two, the hyperelliptic involution is
unique. If τ is the hyperelliptic involution of a handlebody M , with Schottky structure produced by the Schottky group Γ ,
and K is the corresponding Whittaker group obtained by lifting τ to the universal cover, then K is constructed by using
(g + 1) cyclic groups of order two. In this case, Γ is exactly the index two torsion free part of K , called a hyperelliptic
Schottky group. In [11] Keen proved that every hyperelliptic involution can be realized by a hyperelliptic Schottky group and
the above asserts that these are the only kind of Schottky groups for which the hyperelliptic involution can be realized. In
[12] the case of genus two handlebodies (which are necessarily hyperelliptic ones) is analyzed in detail.
5.3. Examples
Let us consider a Whittaker group K of signature (r + 1,0,0). Let us denote by E1, . . . , Er+1 the (r + 1) elliptic transfor-
mations of order two that generate K . The orbifold uniformized by K has signature (0;2, . . . ,2), where the number of 2’s
is equal to 2(r + 1). Let us consider the surjective homomorphism
θ : K → Dq =
〈
x, y: x2 = y2 = (yx)q = 1〉
deﬁned by
θ(E1) = x, θ(E2) = · · · = θ(Er+1) = y.
Let Γ = ker(θ). If we set L = E2E1 and C j = Er+1E j+1, for j = 1, . . . , r − 1, then it is not diﬃcult to see that
Γ = 〈Lq,C1, . . . ,Cr−1, LC1L−1, . . . , LCr−1L−1, . . . , Lq−1C1L−q+1, . . . , Lq−1Cr−1L−q+1〉
is a Schottky group of rank g = (r − 1)q + 1. Let us consider the Whittaker groups
Γ1 = θ−1
(〈x〉)= 〈E1,Γ 〉, Γ2 = θ−1(〈y〉)= 〈E2,Γ 〉.
By Theorem 1, and the fact that K does not contain subgroups isomorphic to Z2 ⊕ Z, the group Γ j is a Whittaker group
of some signature (a j,b j,0).
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say τ1 and τ2, where τ j is induced by Γ j . The number of connected components of ﬁxed points of τ j is exactly a j . As
consequence of Corollary 11, we should have a1 + a2  2(r + 1).
Next, we proceed to see that in fact we have an equality, showing that the upper bound in Corollary 11 is sharp. In order
to achieve this, we use Theorem 3. A complete set of canonical involutions in K is provided by E1, . . . , Er+1. We set
We also should note that C(K , E j) = 〈E j〉, for every j, and that I(θ(E j)) = J (θ(E j)).
5.3.1. Case q odd
In this case, I(x) = I(y) = {1,2, . . . , r + 1} and C(Dq, x) = 〈x〉. It follows, from Theorem 3, that
a1 = a2 = r + 1,
and we are done.
5.3.2. Case q even
In this case, I(x) = {1}, I(y) = {2, . . . , r + 1}, C(Dq, x) = 〈x, (yx)q/2〉 ∼= Z22 and C(Dq, y) = 〈y, (yx)q/2〉 ∼= Z22. It follows, from
Theorem 3, that
a1 = 2, a2 = 2r,
and we are done.
5.4. Set of ﬁxed points of three conformal involutions
Corollary 14. Let M be a handlebody of genus g  2 with a Schottky structure and let τ1, τ2 and τ3 be three different conformal
involutions. Let m j be the number of connected components of ﬁxed points of τ j , for j = 1,2,3. Set H = 〈τ1, τ2, τ3〉 and let Dr be to
denote the dihedral group of order 2r. Then
m1 +m2 +m3 
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
5, if g = 2,
8, if g = 3,
g + 5, if g  4 and H  Z2 × Dr for any r  2,
(r+1)g+5r−1
r , if g  4 and H ∼= Z2 × Dr for some r  2.
Moreover, the above upper bounds are sharp.
Proof. Let us denote by qij the order of τiτ j , where i < j. By a permutation of the indices, we may assume that 2 q12 
q13  q23. As consequence of Corollary 11 one has the inequalities
m1 +m2  2
[
g − 1
q12
]
+ 4,
m1 +m3  2
[
g − 1
q13
]
+ 4,
m2 +m3  2
[
g − 1
q23
]
+ 4,
from which one gets the inequality
m1 +m2 +m3 
[
g − 1
q12
]
+
[
g − 1
q13
]
+
[
g − 1
q23
]
+ 6. (2)
Case g = 2. In this case, as mi +mj  4, either m1 +m2 +m3  5 or else m1 =m2 =m3 = 2.
Claim 15. The case m1 =m2 =m3 = 2 is not possible for g = 2.
Proof. As a consequence of the structural Theorem 1 and Corollary 9, each conformal involution in genus two admitting
only two connected components of ﬁxed points must satisfy that one of the components is a loop and the other is an arc. So,
the existence of the three involutions as considered will assert that there is a closed Riemann surface of genus 2 admitting
three different conformal involutions, each one with exactly two ﬁxed points. But, it is not diﬃcult to see that, in genus
two, the composition of any two such conformal involutions should be the hyperelliptic involution. As the hyperelliptic
involution is unique, we get a contradiction to the fact that the starting three involutions are pairwise different. 
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q12 = q13 = q23 = 2, in which case 〈τ1, τ2, τ3〉 ∼= Z32. We may reorder again the indices to assume that m1 m2 m3  4. If
m3 = 4, then as m1 +m3  6 and m2 +m3  6, then m1 +m2  4, so m1 +m2 +m3  8. Now, the only case with m3  3 for
which we do not have m1 +m2 +m3  8 is when m1 =m2 =m3 = 3.
Lemma 16. The case m1 =m2 =m3 = 3 is not possible for g = 3.
Proof. Let us assume τ1, τ2 and τ3 are three different conformal involutions, on a handlebody M of genus three with Schot-
tky structure, each one with exactly 3 connected components of ﬁxed points. Let H = 〈τ1, τ2, τ3〉 = Z32. As a consequence of
the structural Theorem 1 and Corollary 9, each τ j has, as components of ﬁxed points, two arcs and one loop. It follows that
the conformal boundary S is a genus 3 Riemann surface admitting the group Z32, generated by three different conformal
involutions, each one acting with exactly 4 ﬁxed points. The quotient orbifold, by such a conformal action, is the sphere
with exactly 5 conical points of order two. So M/H is a handlebody of genus zero.
Let Γ be the Schottky structure of M and let K̂ be the Kleinian group obtained by lifting H to the universal cover.
Now, if we proceed as in the proof of Theorem 1, observing the only possible ﬁnite 2-subgroups of Möbius transformations
are either Z2 or Z22 and that the quotient M/H is a ball, then one obtains that K̂ is generated by a cyclic groups Z2 and
b Abelian groups Z22. The number of conical points of S/H , all of them of order 2, is 2a+ 3b. As we know that 2a+ 3b = 5,
then a = b = 1. In this case, one sees that M/H is the ball and its conical locus consists of two disjoint sets, one is an
arc and the other is a graph with one vertex (in the interior of M) and three edges. Now, as τ1 has a simple loop as a
component of ﬁxed points, we see that the conical locus of M/H cannot have such a combinatorial description. 
Case g  4. Inequality (2) asserts
m1 +m2 +m3 
(
1
q12
+ 1
q13
+ 1
q23
)
(g − 1) + 6. (3)
If 1q12 + 1q13 + 1q23  1, then the above ensures that m1 +m2 +m3  g + 5.
If 1q12 + 1q13 + 1q23 > 1, then we have the following cases:
q12 q13 q23 H = 〈τ1, τ2, τ3〉
2 2 r 2 Z2 × Dr
2 3 3 Z2 A4
2 3 4 Z2 S4
2 3 5 Z2 A5
where Z2 = 〈τ1〉, Dr = 〈τ2, τ3〉 and A4, S4 and A5 are generated by 〈τ1τ2, τ1τ3〉 in each case.
In the cases q13 = 3 one has that 〈τ1, τ3〉 ∼= D3, so τ1 and τ3 are conjugate, that is, m1 =m3. It follows that
2m1 = 2m3 =m1 +m3  2
[
g − 1
3
]
+ 4
so m1 =m3  [ g−13 ] + 2. Now,
m1 + (m2 +m3)
([
g − 1
3
]
+ 2
)
+
(
2
[
g − 1
q23
]
+ 4
)
and as q23  3, we obtain
m1 +m2 +m3  3
[
g − 1
3
]
+ 6 g + 5.
Now, we consider the case q12 = q13 = 2 and q23 = r  2, in which case H = 〈τ1, τ2, τ3〉 ∼= Z2 × Dr . Inequality (2) now
asserts
m1 +m2 +m3  2
[
g − 1
2
]
+
[
g − 1
r
]
+ 6 2
(
g − 1
2
)
+ g − 1
r
+ 6 = (r + 1)g + 5r − 1
r
as desired. 
Now we proceed to construct examples to see that the upper bounds are sharp.
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Example 1: g = 2. Let us consider the Kleinian group K̂ which is a free product (in the Klein–Maskit’s combination sense)
of a group isomorphic to Z22, say generated by the elliptic involutions η1 and η2, and a cyclic group generated by the elliptic
involution η3. Note that a complete set of canonical involutions for K̂ is provided by
η1, η2, η3, η4 = η2η1.
Let us consider G = 〈τ1, τ2〉 ∼= Z22 and the surjective homomorphism θ : K̂ → G deﬁned by θ(η1) = τ1, θ(η2) = τ2, θ(η3) =
τ1τ2. The group Γ = ker(θ) is the smallest normal subgroup of K̂ containing the word η3η2η1 and it can be seen that
Γ = 〈η3η2η1, η2η3η1〉,
which is a Schottky group of rank two. The handlebody with Schottky structure produced by Γ admits three different
conformal involutions, they are provided by τ1, τ2 and τ3 = τ1τ2. In this case, I(τ1) = J (τ1) = {1}, I(τ2) = J (τ2) = {2} and
I(τ3) = J (τ2) = {3,4}, C(G;τm) = G , for each m = 1,2,3,
C(K̂ ;η1) = 〈η1, η2〉, θ
(
C(K̂ ;η1)
)= G,
C(K̂ ;η2) = 〈η1, η2〉, θ
(
C(K̂ ;η2)
)= G,
C(K̂ ;η3) = 〈η3〉, θ
(
C(K̂ ;η3)
)= 〈τ2τ1〉,
C(K̂ ;η4) = 〈η1, η2〉, θ
(
C(K̂ ;η4)
)= G.
In this case, using Theorem 3, one may see that each of the involutions τ1 and τ2 has exactly one component of ﬁxed
points (an arc) and that τ3 has exactly three components of ﬁxed points (each one an arc). Note that τ3 is the hyperelliptic
involution. See Fig. 1.
Example 2: g = 3. Let us consider, as in the previous example, the Kleinian group K̂ which is a free product (in the
Klein–Maskit’s combination sense) of a group isomorphic to Z22, say generated by the elliptic involutions η1 and η2, and a
cyclic group generated by the elliptic involution η3. Let us consider G = 〈τ1, τ2, τ3〉 ∼= Z32 and the surjective homomorphism
θ : K̂ → G deﬁned by θ(η1) = τ1, θ(η2) = τ2, θ(η3) = τ3. The group Γ = ker(θ) is the smallest normal subgroup of K̂
containing the words (η3η1)2 and (η3η2)2. It can be seen that
Γ = 〈(η3η1)2, (η3η2)2, (η3η2η1)2〉,
which is a Schottky group of rank three. The handlebody with Schottky structure produced by Γ admits three different
conformal involutions, they are provided by τ1, τ2 and τ3. In this case, using Theorem 3, one may see that each of the
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involutions τ1 and τ2 has exactly two components of ﬁxed points (each one an arc) and that τ3 has exactly four components
of ﬁxed points (each one an arc). See Fig. 2.
Example 3: g  4 and H ∼= Z2 × Dr . Let K̂ be a Whittaker group constructed by using 2n + 3 elliptic involutions, say
η1, . . . , η2n+3. Consider the surjective homomorphism
θ : K̂ → Dr =
〈
a,b: a2 = b2 = (ab)r = 1〉
deﬁned by
θ(η1) = · · · = θ(η2n+2) = a, θ(η2n+3) = b.
In this case Γ = ker(θ) is a Schottky group of rank g = 6n + 4. The handlebody produced by Γ admits the involutions
τ1 = a, τ2 = b and τ3 = bab. It is clear (again by direct inspection or by using Theorem 3) that m1 =m2 =m3 = 2n + 3.
Example 4: g  4 and H ∼= Z2 × Dr . Let K̂ be a Whittaker group constructed by using three elliptic involutions, say η1, η2
and η3. Consider the surjective homomorphism
θ : K̂ → Z2 × Dr = 〈c〉 ×
〈
a,b: a2 = b2 = (ab)r = 1〉
deﬁned by
θ(η1) = c, θ(η2) = a, θ(η3) = b.
In this case Γ = ker(θ) is a Schottky group of rank g = 2r + 1. The handlebody produced by Γ admits the involutions
τ1 = c, τ2 = a and τ3 = b. It is clear (again by direct inspection or by using Theorem 3) that m1 = 2r and m2 =m3 = 4.
References
[1] I. Agol, Tameness of hyperbolic 3-manifolds, arXiv:math.GT/0405568, 2004.
[2] L. Bers, Automorphic forms for Schottky groups, Adv. in Math. 16 (1975) 332–361.
[3] D. Calegari, D. Gabai, Shrinkwrapping and the taming of hyperbolic 3-manifolds, J. Amer. Math. Soc. 19 (2) (2006) 385–446.
[4] G. Gromadzki, R.A. Hidalgo, B. Maskit, Symmetries of handlebodies with Schottky structures, preprint, 2008.
[5] R.A. Hidalgo, The mixed elliptically ﬁxed point property for Kleinian groups, Ann. Acad. Sci. Fenn. 19 (1994) 247–258.
[6] R.A. Hidalgo, Cyclic extensions of Schottky uniformizations, Ann. Acad. Sci. Fenn. 29 (2004) 329–344.
[7] R.A. Hidalgo, Dihedral groups are of Schottky type, Revista Proyecciones 18 (1) (1999) 23–48.
[8] R.A. Hidalgo, On Γ -hyperelliptic Schottky groups, Notas Soc. Mat. Chile (1) 8 (1989) 27–36.
[9] J. Kalliongis, A. Miller, Equivalence and strong equivalence of actions on handlebodies, Trans. Amer. Math. Soc. 308 (2) (1988) 721–745.
R. Díaz et al. / Topology and its Applications 157 (2010) 2347–2361 2361[10] J. Kania-Bartoszynska, Involutions on 2-handlebodies, in: Transformation Groups, Poznan´, 1985, in: Lecture Notes in Math., vol. 1217, 1986, pp. 151–
166.
[11] L. Keen, On hyperelliptic Schottky groups, Ann. Acad. Sci. Fenn. Math. 5 (1980) 165–174.
[12] L. Keen, J. Gilman, The geometry of two generator groups: Hyperelliptic handlebodies, Geometriae Dedicata 110 (2005) 159–190.
[13] S. Kerckhoff, The Nielsen realization problem, Ann. of Math. (2) 117 (1983) 235–265.
[14] P. Koebe, Über die Uniformisierung der Algebraischen Kurven II, Math. Ann. 69 (1910) 1–81.
[15] B. Maskit, Kleinian Groups, GMW, Springer-Verlag, 1987.
[16] B. Maskit, A characterization of Schottky groups, J. Anal. Math. 19 (1967) 227–230.
[17] B. Maskit, On Klein’s combination theorem IV, Trans. Amer. Math. Soc. 336 (1993) 265–294.
[18] B. Maskit, A theorem on planar covering surfaces with applications to 3-manifolds, Ann. of Math. (2) 81 (1965) 341–355.
[19] W.H. Meeks III, S.-T. Yau, Topology of three-dimensional manifolds and the embedding problem in minimal surface theory, Ann. of Math. (2) 112
(1980) 441–484.
[20] A. Pantaleoni, R. Piergallini, Involutions of 3-dimensional handlebodies, arXiv:0806.0904v2.
[21] M. Reni, B. Zimmermann, Extending ﬁnite group actions from surfaces to handlebodies, Proc. Amer. Math. Soc. 124 (9) (1996) 2877–2887.
[22] B. Zimmermann, Über Homöomorphismen n-dimensionaler Henkelkörper und endliche Erweiterungen von Schottky-Gruppen (On homeomorphisms
of n-dimensional handlebodies and on ﬁnite extensions of Schottky groups), Comment. Math. Helv. 56 (3) (1981) 474–486 (in German).
